If Ω is a smoothly bounded multiply-connected domain in the complex plane and S belongs to the Toeplitz algebra τ of the Bergman space of Ω, we show that S is compact if and only if its Berezin transform vanishes at the boundary of Ω. We also show that every element S in T, the C * -subalgebra of τ generated by Toeplitz operators with symbols in H ∞ (Ω), has a canonical decomposition S = T S + R for some R in the commutator ideal C T ; and S is in C T iff the Berezin transform S vanishes identically on the set M 1 of trivial Gleason parts.
Introduction
Let Ω be a bounded multiply-connected domain in the complex plane C, whose boundary consists of finitely many simple closed smooth analytic curves. Let L 2 (Ω) = L 2 (Ω, dA), where dA = The Toeplitz algebra τ of the Bergman space L 2 a (Ω) is the closed subalgebra of B(L 2 a (Ω)), the set of bounded linear operators on L 2 a (Ω), generated by the set {T φ : φ ∈ L ∞ (Ω)}. Let T denote the C * -subalgebra of τ generated by {T φ : φ ∈ H ∞ (Ω)} and C T the commutator ideal of T (the smallest closed, two-sided ideal of T containing all operators of the form RS − SR, where R, S ∈ T). Then C T contains the ideal K of compact operators on L 2 a (Ω). Often the behavior of the Berezin transform of an operator provides important information about the operator. A common intuition is that for operators on the Bergman space "closely associated with function theory", compactness is equivalent to having vanishing Berezin transform on the boundary of Ω. S. Axler and the second author (see [4] ) first showed that when Ω is the unit disk, this intuition is correct if "closely associated with function theory" is interpreted to mean that the operator is a finite sum of finite products of Toeplitz operators. R. Raimondo proved (see [12] ) that if S equals a finite sum of finite products of Toeplitz operators on the Bergman space of Ω then S is compact if and only if its Berezin transform vanishes at the boundary of Ω. D. Suarez (see [14] ) showed that for any S in the Toeplitz algebra of the Bergman space of the unit disk, S is compact if and only if its Berezin transform vanishes at the boundary of the unit disk. One goal in this paper is to unite these results and show that for any S in the Toeplitz algebra of the Bergman space of Ω, S is compact if and only if its Berezin transform vanishes at the boundary of Ω.
Another goal in this paper is to study the Berezin transform of the operators in T by means of the method in [5] . One of our main results describes the commutator ideal C T . Indeed, it will be shown that S − T S is in the commutator ideal C T for every S ∈ T. Writing S = T S + (S − T S ), we obtain a canonical way of expressing the (nondirect) sum T = {T u : u ∈ C(M)} + C T , which was obtained on the unit disk in [3] . This result extends the McDonald-Sundberg theorem [11] .
The main idea in our study is to "localize modulo compact operators" the operators in the Toeplitz algebra τ on Ω by introducing operators whose action is concentrated near the boundary of each simply connected component of Ω. Then we can reduce our problem to the case of simply connected domain, namely the case of the unit disk. The key point is that this localization gives also a localization of the Berezin transform of the operators near the boundary of Ω. Every element in a dense subset of the commutator ideal of the localized Toeplitz algebra (on each connected component of Ω) can be "lifted" to be an element in the commutator ideal of the Toeplitz algebra on Ω modulo compact operators.
Preliminaries
In this section, we collect a few preliminary concepts and facts about multiply connected domains and Berezin transforms, which are contained in [1, 2, 10, 12, 13] .
Let Ω be a bounded multiply-connected domain in the complex plane C, whose boundary ∂Ω consists of finitely many simple closed smooth analytic curves γ i , i = 1, 2, . . . , n, where γ i are positively oriented with respect to Ω and γ i ∩ γ j = ∅ if i = j . Assume that γ 1 is the boundary of the unbounded component of C\Ω. Let Ω 1 be the bounded component of C\γ 1 , and Ω i the unbounded component of
Any bounded multiply-connected domain whose boundary consists of finitely many simple closed smooth analytic curves, i.e. a regular domain, is conformally equivalent to a canonical bounded multiply-connected domain whose boundary consists of finitely many circles (see [9] ).
Let Λ be any one of the domains Ω, 
Definition.
Let Ω be a regular domain and let D be a canonical bounded multiply-connected
where ψ is the conformal mapping from Ω onto D.
. Using the definition of the Berezin transform and the change of variable formula of the Bergman reproducing kernel under the conformal mapping ((a) in the above proposition), we obtain the following property of the Berezin transform under conformal mapping (see [12] for details).
Proposition.
Let Ω be a regular domain and let ψ be a conformal mapping from Ω onto a canonical bounded multiply-connected domain
It is well known that the reproducing kernels for Ω i , i = 1, 2, . . . , n are given by
(Note that a 1 = 0 and r 1 = 1.) We will need to use the annuli U i given by
We have:
Definition. For
for w ∈ Ω and f ∈ L 2 (Ω).
In order to extend
Ω i be a canonical bounded multiply-connected domain. We say that the set of n functions P = {p 1 , p 2 , . . . , p n } is a ∂-partition for Ω if:
Compact operators
In this section, we will show that if Ω is a smoothly bounded multiply-connected domain in the complex plane and S belongs to the Toeplitz algebra of the Bergman space of Ω, S is compact if and only if its Berezin transform vanishes at the boundary of Ω. If Ω is a simply connected domain in the complex plane this easily follows from the main result on the unit disk in [14] and Propositions 2.1 and 2.3. But for a smoothly bounded multiply-connected domain Ω we need to use "localizing" operators whose action is concentrated near the boundary of each simply connected component of Ω.
First we show that P i , i = 0, . . . , n, is a bounded operator.
Lemma. The operators
Proof. Since we can differentiate under the integral sign, and
The fifth inequality follows from the fact that
and the last equality follows from the note after Definition 2.6. 2
Remark.
A proof similar to the one in the above lemma shows that the operatorsP i ,P i anď P i are bounded for i = 0, 1, . . . , n.
Remark. Using Definitions 2.4 and 2.7 it is easy to see that for
The kernel of
Proof. The kernel of the operator
Proof. Since P 0 is compact by Lemma 3.1, we have that P 0 P j and P j P 0 are compact
. . , n, we have
Since by Lemma 3.5 the operator P i M p j is compact for i = j we have
Since by Lemma 3.5 the operator M p i P j is compact for i = j we have the desired result. 2 
Lemma. For any ϕ ∈ C(Ω), the operator [B Ω , M ϕ ] is compact.
Next we will show that if S is in the Toeplitz algebra of Ω then its "localizing" operators belong to the appropriate Toeplitz algebra of Ω k , k = 1, . . . , n.
Theorem. If S is in the Toeplitz algebra of the Bergman space L 2 a (Ω) then S Ω k belongs to the Toeplitz algebra of the Bergman space L
Proof. Let S be an operator from the Toeplitz algebra τ of the Bergman space L 2 a (Ω). Then for every ε > 0, there exists an operator
and
Clearly S ε,k and S Ω k ε belong to the Toeplitz algebra of Ω k .
We have
Using Lemma 3.9, the fact that M p k M φ ij = M φ ij M p k , Remark 3.3, and Lemma 3.5 we have
. By Lemma 3.9 and the previous calculation we have
for some compact operator K. Symbol K represents a different compact operator in each step of the proof.
Since it is easily seen that the operator on L 2 (Ω k ) defined by
Since compact operators are contained in the Toeplitz algebra of L 2 a (Ω k ) (see [6] ) it follows that S Ω k is in the Toeplitz algebra of L 2 a (Ω k ). 2
Lemma. Let S be a bounded operator on L 2 a (Ω).
Then
Proof. Using Remark 3.3 and Lemma 3.5 we obtain
Next we want to show that the "localization" of the operator S also gives a "localization" of its Berezin transform. We will need the following lemmas.
Lemma. Let S be an operator in the Toeplitz algebra τ of the Bergman space L 2 a (Ω).
Proof. To show (a) we use Lemma 3.9 to obtain
To show (b) we use the fact that for every ε > 0 we have 
First we will show that
Simple calculation implies that
To complete the proof of the lemma we need to show that
The last equation follows from the definition of Berezin Transform of a Toeplitz operator. By Lemma 2.5 for w ∈ Ω we have
1. 
Simple calculation shows that for
1 by Lemma 2.5 it follows that
Next we show that for j = k
it is enough to show
. Therefore u and v are bounded on Ω\(U k ∪ U j ), u is bounded on U j and v is bounded on U k .
Now we are ready to prove the theorem about the behavior of the Berezin transform of the "localized" operators on the boundary of Ω. 
By Lemmas 3.11 and 3.5 we have
Lemmas 3.12 and 3.14 imply that
We now have
Thus we obtain
The last equality follows from the fact that for
1.
This gives
Lemmas 3.4 and 3.9 imply that
where K in each step may be a different compact operator. Hence 
S Ω k (w). 2
We have another representation of S as a sum of operators.
Lemma. Let S be a bounded operator on L 2 a (Ω). Then
Theorem. Let S be an operator in the Toeplitz algebra of the Bergman space L 2 a (Ω). If
Proof. By Lemma 3.16
We know by Lemma 3.12 that
, where P 0 is compact. Hence, using Lemma 3.5, we obtain
where K in each step may be a different compact operator.
Using Lemmas 3.4 and 3.9, and the fact that P k :
where K in each step may be a different compact operator. Therefore
Now we are ready to prove the main result of this section. Because of the conformal equivalence of the unit disk D and Ω k , k = 1, . . . , n, the main result on the unit disk in [14] and Propositions 2.1 and 2.3, it follows that S Ω k is compact.
Theorem. Let Ω be a regular domain and assume that the operator S belongs to the Toeplitz algebra τ of the Bergman space L 2 a (Ω). S is compact if and only if S(w)
By Theorem 3.17 it follows that S is compact on L 2 a (Ω). [7] . Let l 1 and l 2 be two elements of M(D). We say that l 1 and l 2 lie in the same part of
where the norm is that of the dual space H ∞ (D) * of H ∞ (D). "Being in the same part" is an equivalence relation on M(D) [7] . The subset of M(D) consisting of all one-point (trivial) parts is denoted by M 1 (D) .
Let ρ be the mapping of M(D) into D ∪ ∂D given by
where λ is the unique point of D ∪ ∂D such that
. See [7] for more details on the fibers
with symbol φ| Ω . We will use symbol M φ to denote both the multiplication operator on L 2 (Ω i ) with symbol φ and the multiplication operator on L 2 (Ω) with symbol φ| Ω . It will be clear from the context which operator we are talking about.
Lemma.
Proof. From the definition ofP i , we havê 
We will now prove part (b). Remark 3.3 implies
where K in each step may be a different compact operator. The second equality follows from (a) and the fact that P j P i and [P j , M ψ ] are compact if j = i. The third equality follows from the fact that
Let T i denote the C * -algebra generated by {T i φ : φ ∈ H ∞ (Ω i )}. The commutator ideal C i T is the smallest closed, two-sided ideal of T i containing all operators of the form RS − SR, where R, S ∈ T i . 
Theorem. Let
If S i is in the commutator ideal C T i , S i can be approximated by finite sums of finite products of Toeplitz operators which contain a factor T i φ T i ψ − T i ψ T i φ . HenceŜ i is in the commutator ideal C T . To finish the proof we need only to show that if j = i, (T φ T ψ − T ψ T φ )P j is compact. As φ and ψ are continuous on an open neighborhood of ∂Ω j , M φ P j − P j M φ and M ψ P j − P j M ψ are compact. Hence using Remark 3.3 and Lemma 3.6 we obtain
where K may be a different compact operator in each step. This giveŝ
Let U denote the C * -subalgebra of L ∞ (Ω) generated by H ∞ (Ω) and M denote the maximal ideal space of H ∞ (Ω). Corona theorem tells us that we can view Ω as a dense subset of M.
where u k = up k and K in each step may be a different compact operator. The second equality follows from the fact that the commutator of M p k k and B Ω k is compact and the third equality follows from the fact that T k
is compact.
Thus, if S = T u 1 T u 2 · · · T u n for some u 1 , u 2 , . . . , u n in U, the induction gives
By Theorem 3.1 [5] and the fact that Ω k is conformally equivalent to the unit disk, we have that
Since the set of finite sums of finite products of Toeplitz operators with symbols in U is dense in T and the Berezin transform is continuous, i.e.,
S(λ) S
for each λ ∈ Ω and any bounded operator S on the Bergman space, we have that lim λ α →m S Ω k (λ α ) exists. Hence we obtain
This means that S(λ) extends continuously to M. Furthermore, Theorem 3.1 and Lemma 2.1 in [5] give that if m is a trivial part, then
The last equality follows from the fact that p k (m) = 1. This completes the proof. 2
The following lemma is Corollary 2.8 in [5] and the proof in our setting is the same as in [5] .
Lemma.
Suppose S ∈ T and > 0. Then there exist u ∈ U and R ∈ C T such that
Now we can give a characterization of the commutator ideal C T of T. Since Ω k is conformally equivalent to the unit disk, by the proof of Theorem 3.9 in [5] , there is an operator R k which is a finite sum of finite products of Toeplitz operators in the commutator ideal C T k such that
By Theorem 4.2, there is an operatorR k in C T such thatR k −P k R kPk is compact. Let
and R = n k=1R k .
Hence we obtain
Since compact operators are contained in the commutator ideal C T , we conclude dist(T u , C T ) 5 . 
